
「数学 8」(フーリエ解析)− 57 −

< ラプラス変換 2 >

ラプラス変換の性質をいくつか示す。

1 [a1f1(t) + a2f2(t)] = a1 [f1(t)] + a2 [f2(t)]

2 [f(t)] = F (s)のとき [f(αt)] =
1

α
F
³ s
α

´
(α > 0)

3 [f(t)] = F (s)のとき [eαtf(t)] = F (s− α)

(証明)

[eαtf(t)] =

Z ∞
0

eαtf(t)e−stdt =

Z ∞
0

f(t)e−(s−α)tdt = F (s− α)

4 [f(t)] = F (s)のとき [fα(t)] = e
−αsF (s) (α > 0)

ここで fα(t) =

⎧⎨⎩ f(t− α) : t = α

0 : t < α

(証明)

[fα(t)] =

Z ∞
α

f(t− α)e−stdt =

Z ∞
0

f(τ)e−s(τ+α)dτ (t− α = τ)

= e−αs
Z ∞
0

f(τ)e−sτdτ = e−αsF (s)

例1 [eikt] =

Z ∞
0

e(ik−s)tdt = lim
b→∞

∙
1

ik − se
(ik−s)t

¸t=b
t=0

=
1

s− ik (Re(s) > 0)

例2 [cos(kt)] =

∙
eikt + e−ikt

2

¸
=
1

2

©
[eikt] + [e−ikt]

ª
=
1

2

½
1

s− ik +
1

s+ ik

¾
=

s

s2 + k2

問 次のラプラス変換を求めよ

(1) [sin(kt)]

(2) [eαt cos(kt)]

(3) [eαt sin(kt)]


